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Abstract

The potential for preparative concentration of trace species by displacement chromatography in a micro open parallel plate
separator (mOPPS) has been explored. A comparison of the performance of themOPPS with micro open tubular columns
(mOTC) has been presented. Using simulation models, the effects of operating and equilibrium parameters on throughput
and yield have been determined. It is shown that themOPPS can offer considerable advantages over the traditionalmOTCs.
Most significantly, throughputs can be enhanced by more than an order of magnitude in many cases. This is primarily due to
the higher loading per cycle in themOPPS, made possible by the ability to change the depth of the channel independent of
the width. While yield is generally lower in themOPPS, this effect can be overcome by the proper selection of operating
conditions.
   2002 Elsevier Science B.V. All rights reserved.
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1 . Introduction column loading, and high throughput and purity with
low solvent consumption [3–6]. In a displacement

In preparative chromatography, the focus of a operation, the sample containing the product to be
separation is on maximizing production rate and purified is loaded onto the chromatographic column,
recovery. These objectives require operating the and is subsequently desorbed by a displacing agent
column under overloaded conditions [1–3]. Over- whose thermodynamic affinity for the stationary
loaded elution chromatography is widely used as a phase is greater than that of the desired product.
preparative purification process. Displacement chro- Ideally, the product is obtained as a rectangular band
matography has been suggested as an alternative, to in a displacement train made up of the product,
exploit potential benefits such as the integration of contaminants and the displacer. The process is
concentration and purification in a single step, high described in detail elsewhere [7,8]. The use of

displacement chromatography is, however, not as
widespread as elution chromatography, though the
technique has gained importance in separation of
proteins and biomolecules [6,9–14], and methods*Corresponding author. Tel.:11-513-556-2761; fax:11-513-
that involve solute self-displacement have been556-3473.

E-mail address: neville.pinto@uc.edu(N.G. Pinto). studied [15], as well as selective displacement [16].

0021-9673/02/$ – see front matter   2002 Elsevier Science B.V. All rights reserved.
PI I : S0021-9673( 02 )01609-6

mailto:neville.pinto@uc.edu


4 B.H. Lapizco-Encinas, N.G. Pinto / J. Chromatogr. A 989 (2003) 3–17

The ability to fractionate a sample and simul-
taneously concentrate the fractionated species makes
displacement chromatography particularly attractive
for the enrichment of trace species. Preparative
separations of trace components present a special
challenge. Dilution due to column volume is a
problem regardless of the mode of chromatographic
development. Furthermore, in cases where the sam-
ple amount is limited or expensive, preparation on
conventional bench-scale systems is impractical.
Consequently, preparative separations of trace
species are often performed on microbore columns.
This approach offers gains in detection and sensitivi-
ty, as well as increased yield and concentration
factors, with reduced solvent consumption and the
possibility of easy coupling with other techniques
[17–20]. The use of microbore columns does how-
ever raise some problems; column capacity is low,
and carrier velocities are limited by the higher
pressure-drop. Both factors adversely affect through-

Fig. 1. Schematic representation of amOPPS.
put.

Recently, the feasibility of using a micro open
parallel plate separator (mOPPS) for chromatograph- 2 . Theory
ic separations has been experimentally demonstrated
[21]. It has been shown that the rectangular flow A schematic representation of themOPPS is
cross-section of themOPPS offers significant advan- shown in Fig. 1. It is assumed that the flow regime in
tages for analytical elution separations, including this channel is laminar and fully developed with
very low separation impedances and integrated de- negligible end effects. For this case, Spangler [23]
tection [22]. The geometry of themOPPS can also has shown that the velocity profile is given by:
offer advantages for preparative separations of trace

2 2 2 2 2 2b 1 d sx 2 b dsz 2 d dspecies. The additional flexibility in varying depth
]]] ]]]]]]v 5 23v ? ?S D S Dy avg 2 2 2 2 2 2independent of width allows enhanced carrier veloci- b d sx 2 b d1sz 2 d d

ties, relative to microbore columns, and increased (1)
active surface area per unit length. Additionally,
when used with displacement development the com- wherev is the linear velocity in the fluid flowy

bined effects of a microcolumn volume, higher (length) direction,v is the average linear velocity,avg

surface capacity and carrier velocity can be expected b is half of microchannel width,d is half of
to enhance product throughput. microchannel depth,x and z are the positions along

The specific objective of this study was to explore the microchannel width and depth, respectively.
the capabilities of themOPPS to concentrate trace Adsorption of the solute is assumed to take place
species in the displacement mode. A comparison of on the surfaces defined by the depth and length
the preparative potential of themOPPS and micro- dimensions (side surfaces) of the channel, while the
bore columns, also known as micro open tubular surfaces defined by the width and the length (top and
columns (mOTC), has been made. Additionally, a bottom surfaces) are assumed to be inactive. This
parametric study has been performed to relate oper- choice is based on the experimentalmOPPS de-
ating and equilibrium conditions to product through- veloped earlier [21,24]; the top/bottom surfaces are
put for themOPPS. inert, while the side surfaces are activated for ion-
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exchange. It is further assumed that the adsorption v Lavg
]](or ion-exchange) step is instantaneous relative to the Peclet number:Pe 5 (6)i Dimass-transfer rate. The mass-transfer resistance is in

the liquid phase, since the surface is assumed whereL is the length of the microchannel.
nonporous and ideally two-dimensional. Upon in- Re-writing Eq. (3) in terms of these parameters:
jection, the sample is assumed to be evenly distribut-
ed along the channel cross-section, and the fluid 2 2 2 2≠C ≠C b 1d sX 21d?sZ 21di idensity is assumed constant. A pre-determined vol-] ] ]] ]]]]]]23? ? ?S D2 2≠t ≠Y d bume of the trace species is injected, and immediately 2 21 2]?sX 21d1sZ 21d2followed by the displacer. d

The Langmuir isotherm model for multiple com- 2 2 2≠ C ≠ C1 1 1 ≠ Ci iponents was selected to describe the equilibrium ] ]] ] ]] ] ]]5 ? 1 ? 1 ? (7)2 2 2u Pe u≠X ≠Y ≠ZX,i i Z,ibehavior:

For displacement chromatography, with no soluteVm K C a Ci i i i i present in the channel at the start of the separation,]]]] ]]]]*q 5 5 (2)nc nci

the following initial and boundary conditions apply:11O K C 11O K Ch h h h
h51 h51

Initial condition: Att 50 C X,Y,Z 5 0s di

*where:q is the equilibrium concentration of solutei 0#X # 1, 0# Y # 1,
in the stationary phase,C is the solute concentrationi 0# Z # 1 (8)in the mobile phase,Vm is the adsorption capacity,i

K is the affinity toward the stationary phase, andai i
2 .1. Boundary conditionsis the product ofVm and K .i i

With these assumptions, it can be shown that the
At the channel walls (side surfaces), the solutecontinuity equation for a solute in the channel is:

diffusion flux in the liquid is equal to the accumula-
2 2 2 2 2 2 tion at the surface due to adsorption:≠C ≠C b 1d sx 2b dsz 2d di i

] ] ]] ]]]]]23 ?v ? ?S D S Davg 2 2 2 2 2 2≠t ≠y b d sx 2b d1sz 2d d *≠C ≠qi iU] ]]atX 5612D 5 (9)i2 2 2 ≠x x5b ≠t≠ C ≠ C ≠ Ci i i
]] ]] ]]5D ? 1 1 (3)S Di 2 2 2 after substitution of the equilibrium condition (Eq.≠x ≠y ≠z

(2)), Eq. (9) becomes:
where: y is the position along the microchannel

Vm K v≠C bi i avgilength andD is the diffusion coefficient of solute ini U]] ]]] ]5 2 ?
≠X X51 L Dthe fluid. i

nc ncFor convenience the following dimensionless vari- ≠C ≠Ci hn]] ]]11O K C 2C O KS Dables are defined: h h k,MX,m,i h≠t ≠th51 h51
]]]]]]]]]]]]]? nc 22v t v b 1 2avg avg 11O K CS Dh h]] ]]Dimensionless time: t 5 u 5X,i h51L D Li

(10)2v davg
]]u 5 (4) It is usual to assume that there is no concentrationZ,i D Li

gradient at the channel exit. Thus:
x y ≠C] ] iDimensionless spatial position:X 5 Y5 U]atY 5 1 5 0 (11)b L

≠Y Y51
z
]Z 5 (5) Since the top and bottom cover plates of themOPPSd
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are assumed inert, there is no flux at these plates. Dt Dt
]]] ]]Thus: R 5 R 5X,i 2 Y,i 2
u DX Pe DYX,i i

≠C 2i Dt 3Dt bU]atZ 561 2D 5 0 (12)i ]] ]] ]R 5 S 5 2 ? 1 1≠Z Z51 S DZ,i 2 Y 22DYu DZ dZ,i

from symmetry:
2 n n n n

d C 5C 2 2C 1CX j,k,m,i j21,k,m,i j,k,m,i j11,k.m,i

≠C 2 n n n ni d C 5C 2 2C 1CU] Y j,k,m,i j,k21,m,i j,k,m,i j,k11,m,iatX 5 0, 5 0 (13)
≠X X50

2 n n n n
d C 5C 2 2C 1CZ j,k,m,i j,k,m21,i j,k,m,i j,k,m11,iand:

n n n
d C 5C 2CY0 j,k,m,i j,k21,m,i j,k11,m,i≠CiU]atZ 5 0, 50 (14)

≠Z Z50 Substituting in Eq. (7):

n11 n nFinally, for the solute (component 1): C 2C 1d C Sj,k,m,i j,k,m,i Y0 j,k,m,i Y

2 2X 2 1 ? Z 2 1s ds dj matY 5 0, C X,0,Z 5CF 0#t #t (15)s d1 1 F,1 ]]]]]]]? 2b 2 21 2] X 21 1 Z 2 1s ds d2 j mdC X,0,Z 50 t .t (16)s d1 F,1
2 n 2 n 2 n

5R d C 1R d C 1R d CX,i X j,k,m,i Y,i Y j,k,m,i Z,i Z j,k,m,i
and, for the displacer (component 2):

(19)

atY 5 0, C X,0,Z 5CF t #t #t (17)s d2 2 F,1 F,2 Eq. (19) was broken into three parts, and each part
generated a system of equations, which were solved
in separate numerical subroutines. An additionalC X,0,Z 50 t .t (18)s d1 F,2
parameter was used to describe the depth to width
ratio:where:t is the dimensionless feed time andCF isF

the feed concentration. 2u dZ
] ]S Da 5 5 (20)In order to solve Eq. (7), the numerical method of
u bXfinite differences was applied. Forward difference

was used for the first-order time derivative and Throughput (TH ) was calculated as follows:
central difference for all the spatial derivatives. The

mSalternating direction implicit scheme was employed ]]]TH 5 (21)T 1 TFT Dto obtain a stable solution. This scheme divides each
time interval between the number of spatial direc- where:m is the mass trace species product,T isS FTtions (in this case three directions): channel width, the total feed time for both trace species and the
depth and length. Each spatial direction is repre- displacer, andT is defined as the time required toDsented by a tridiagonal matrix of equations, which is elute the displacer from the column;T thereforeDsolved using the LU-decomposition method (tri- includes the regeneration time. Only product with a
diagonal matrix method). specified purity (99%) and with a concentration

The particular scheme used is the Peaceman–higher than the feed (C.CF ) was accounted for in
Rachford algorithm, which is described in detail the TH. The percentage yield was evaluated as
elsewhere [25]. The numerical method uses four follows:
indices: n, j, k and m for time, width, length and

mSdepth, respectively. For convenience, the following ]Yield5 ?100% (22)mfinite difference terms are defined: ST
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Table 1wherem is the total mass of solute introduced intoST
Simulation parameters used for the comparison betweenmOPPSthe mOPPS.
andmOTC

The pressure drop across themOPPS was calcu-
Equilibrium and kinetic parameterslated from [26]:

3K (cm /mmol) 79.21
33mLvavg K (cm /mmol) 316.82]]]DP 5 (23) 2 242 Vm (mmol /cm ) 1.0?101b

2 25Vm (mmol /cm ) 7.2?102
2 25wherem is the mobile phase viscosity. D (cm /s) 2.0?101
2 25D (cm /s) 2.0?10In order to compare the preparative characteristics 2

of themOPPS with a microbore (mOTC) column, the Operating parameters mOPPS mOTC
mOTC was simulated using the following equation:

L (cm) 3.00 3.00
b (mm) 25.002

≠C ≠C ≠ C ≠C1 1 1i i i i2 r (mm) 25.00C] ] ] ]] ] ] ]12s12R d ? 5 ? 1 ? ?2 3≠t ≠Y Pe u R ≠R CF (mmol /cm ) 0.01 0.01≠Yi R,i 1
3CF (mmol /cm ) 0.10 0.1022

≠ C1 VF (VC) 1.20 1.20i 1] ]]1 ? (24)2 VF (VC) 0.50 0.50u 2≠RR,i

R is the dimensionless radius of the column, anduR,i

is defined as:
histories for themOPPS andmOTC obtained from

2v r the simulations. Results such as these were used toavg C
]]u 5 (25)R,i make comparisons of performance between theD Li

systems. Shown in Fig. 3 is the relative throughput
where r is the radius of themOTC. Eq. (24) wasC predicted as a function of the Peclet number (Pe).
solved using a numerical procedure analogous to that Since the length and diffusivity have been kept
used for Eq. (7). constant throughout (Table 1), an increase inPe

The pressure drop of themOTC was calculated corresponds to an increase in linear velocityv .avg
from [26]: The throughput ratios calculated are for a product

purity of 99%. Also shown in Fig. 3 is the effect ofa8mLvavg
]]]DP 5 (26) on throughput; this ratio was changed by changing2rC the depth of the channel while keeping the width

constant and equal to the diameter of themOTC
3 . Results and discussion (u 5u ). Clearly, there is a significant advantageR X

gained by using themOPPS configuration. For the
4The comparisons of performance of themOPPS systems studied, atPe,4.5?10 a throughput be-

and themOTC for concentrating trace species were tween 2 and 7 times larger can be achieved. This is
made using the simulation parameters shown in due to a combination of factors. First, themOPPS
Table 1, unless otherwise stated. The trace species has a larger volume than themOTC in all cases, and
was assumed to be KBr exchanging on a poly- since the systems are volume overloaded (1.2VC),
ethyleneimine (PEI) activated surface, to enable the amount loaded per cycle is larger on themOPPS;
characteristics to be estimated from data in the this effect becomes stronger asa is increased.
literature [21,27]. The radius (r ) of the mOTC was Secondly, due to the smaller active surface area inC

kept equal to the half width (b) of themOPPS for all themOPPS, the retention times for the displacer and
the comparisons. The lengths of the two separators regeneration fronts are shorter, which directly in-
were kept the same, and the value selected corre- fluences throughput (Eq. (21)).
sponds to the channel length in the prototypemOPPS The decrease in the throughput ratio with increas-
developed earlier [21,24]. ingPe can be explained as follows. AsPe increases,

Shown in Fig. 2 are typical effluent concentration the concentration wave velocity in the flow direction
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Fig. 2. Chromatographic peaks obtained from simulations formOPPS andmOTC as a function ofPe.

increases reducing the total time per cycle. However, drops as thePe is increased, but the effect is stronger
the time constant for diffusive flow toward the for themOPPS, for the reason explained above, and
adsorptive surface does not change. The consequence this results in a lower yield ratio with increasingPe.
for both mOPPS andmOTC is that the throughput The performance of themOPPS is very sensitive
decreases, due to reduced mass transfer to the wall. It to the width of the channel. This is illustrated in Fig.

4is important to note that, due to the lower retention 5. These results were obtained at aPe of 3?10 and
in the mOPPS, increasingPe can have a much a516, and are reported as a function ofu which isX,

stronger effect on performance for this channel directly related to the microchannel width (Eq. (4));
geometry. For example, in Fig. 3, the throughput of it is important to mention that in order to keepPe
themOPPS is shown to drop to one tenth that of the anda constant,b, d andu were varied. Clearly, theZ

mOTC at very high values ofPe. performance in terms of both throughput and yield is
Fig. 4 shows the yield, at 99% purity, corre- a very strong function of the diffusion path length in

sponding to the throughputs in Fig. 3. For the the width direction. In particular, at smallu bothX

mOPPS, the yield depends ona for values ofa close throughput and yield fall rapidly for small increases
to 1, and is essentially independent ofa at higher in u . This is due to a rapid weakening of theX.

values. The yield of themOTC is always greater than displacement effect due to product leakage and
the yield of themOPPS. For both separators the yield increased overlapping of zones as the width is
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Fig. 3. Relative throughput at 99% purity as function ofPe anda.

increased. These features are apparent in the chro- throughput advantage of themOPPS is significantly
matograms shown in Fig. 6. enhanced as the flow channel is narrowed. Compar-

The results in Fig. 5 suggest it should be possible ing Figs. 7 and 3, the relative throughput in all cases
to overcome the sensitivity of the throughput and more than doubles, for a decrease in the half-width /
yield of the mOPPS to Pe (Figs. 3 and 4) by radius from 25 to 10mm. Also, very significantly,
narrowing the channel. Shown in Figs. 7 and 8 are the throughput ratio is relatively insensitive to thePe
the throughput and yield curves as a function ofPe at 10mm, and themOPPS is predicted to give much
for 10 mm half width (b) or radius (r ). The higher throughputs even at very high values ofPe. AC

Fig. 4. Relative yield at 99% purity as function ofPe anda.
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Fig. 5. Throughput and yield obtained from simulations formOPPS as function ofu .X

23narrower channel also improves the relative yield 5.0?10 ) the performance of themOPPS is substan-
considerably. For the entire range ofPe studied, the tially inferior to the performance of themOTC.
10 mm half-width mOPPS gives yields that are However, when displacement of the trace does
between 75 and 95% of the yield of themOTC (Fig. occur, themOPPS gives a higher throughput and the
8). This is a significant improvement over the 25-mm mOTC gives a higher yield. A weak minimum is
case (Fig. 4). present in both the relative throughput and relative

An added advantage of themOPPS is the lower yield curves. In general, the relative throughput and
pressure drop exerted by this geometry. All the yield increase with increasing feed concentration
comparisons of throughput shown so far have been at until the influence of leakage in themOPPS becomes
identical Pe, which in effect means the same carrier significant. For the conditions in Fig. 10, this occurs

3velocity, since the length and diffusivity are constant. CF 50.01mmol /cm . At higher feed concentrations1

However, at identical carrier velocities, the pressure the relative throughput and yield decrease until the
drops in themOPPS andmOTC are different. Even effects of leakage are equally significant in the
with a51, the pressure drop in themOPPS is mOTC.
considerably lower than the equivalent (u 5u ) The results in Fig. 10 and all subsequent figuresR X

mOTC. This is clearly seen in Fig. 9, where the are for a half-width/ radius of 25mm; this was done
differences are compared at twou 5u values. The to reduce computational time. It is important toX R

advantage ofmOPPS is particularly significant for remember, as was shown earlier, that throughput,
the narrower geometries, which are desirable for relative throughput, yield and relative yield can all
maximizing throughput and yield. be increased by decreasing the half-width/ radius.

The effects of the feed concentration of the trace Fig. 11 shows the effect of the feed volume of
species (CF ) were also studied, and are shown in solute (VF ) on relative performance. The throughput1 1

Fig. 10. At very low feed concentrations of solute, and yield ratios increase to a maximum (VF 5VC)1

both separators are inefficient because column con- and then decrease at higher volume loadings, similar
ditions are in the linear region of the isotherm and to the trend seen withCF . The initial increase is due1

there is no displacement. ThemOPPS needs a higher to the larger loading possible in themOPPS. Beyond
loading than themOTC to be in the non-linear the maximum, the loss from leakage is more signifi-
region. Therefore, under extreme conditions (CF , cant for themOPPS, and the throughput and yield1
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Fig. 6. Chromatographic peaks obtained from simulations formOPPS as a function ofu .X

3ratios decrease. It is worth noting, however, that for concentrations (,50 mmol /cm in Fig. 12), it is
the entire range ofVF /VC where displacement shown that themOPPS can simultaneously give1

occurs themOPPS gives higher throughputs. higher throughputs and yields. At low displacer
The effects of displacer concentration (CF ) on the concentrations, the longer retention time in the2

relative performance is shown in Fig. 12. At identical mOTC can lead to sufficient dilution of the displacer
displacer concentrations, themOPPS always gives a to make it ineffective for displacement, resulting in
higher throughput. In general, the relative perform- poor product throughput. Low concentrations of
ance is independent of the displacer concentration displacer are generally desirable. Most obviously,

23 3above a certain concentration (.65?10 mmol /cm they reduce the quantity of displacer required. Also,
in Fig. 12). When high concentrations of displacer a lower loading of displacer per cycle reduces the
are used, the performance of themOPPS in terms of volume of regenerant and time for regeneration. This
yield is much lower than the performance of the can lead to a higher overall throughput. For example
mOTC. An excess of displacer is detrimental to the for the case illustrated in Fig. 12, the highest
performance of both systems, but it affects the absolute throughput (distinct from the relative value)
mOPPS more strongly due to the lower retention in in themOPPS is obtained at the low displacer

3the mOPPS. Very significantly, however, at lower concentration of 20mmol /cm . This result clearly
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Fig. 7. Relative throughput at 99% purity as function ofPe anda ; half width510 mm.

illustrates that with the proper selection of conditions on the relative throughput and yield, as shown in Fig.
higher throughputs can be realized in themOPPS 13. At low displacer volumes, dilution in themOTC
without necessarily incurring a lower yield. makes the displacer ineffective for displacement.

The volume of displacer (VF ) has a similar effect Under these conditions, themOPPS can simultan-2

Fig. 8. Yield at 99% purity as function ofPe anda ; half width510 mm.
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Fig. 9. DP as a function ofPe.

eously give higher throughputs and yields. As the The influences of the Langmuir equilibrium pa-
displacer volume is increased the relative throughput rameters on the relative performance were also
and yield drops, and above a certain value the studied. Fig. 14 shows the influence of the ratio of
relative performance is insensitive to the volume of the intrinsic capacity parameters,Vm /Vm , and Fig.1 2

the displacer injected. 15 shows the influence of the ratio of the affinity

Fig. 10. Relative throughput and yield as a function ofCF .1
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Fig. 11. Relative throughput and yield as a function ofVF .1

coefficients,K /K . Both ratios have a similar effect displacer will negatively influence performance in1 2

on performance. As the capacity or affinity of the both devices, but the effect is stronger for the
stationary phase for the trace species increasesmOPPS. This result indicates that displacer must be
relative to that for the displacer, the advantage of the carefully matched to both the trace species and
mOPPS becomes less significant as both the yield surface characteristics to fully exploit the potential of
and throughput ratios drop. A relatively weaker themOPPS.

Fig. 12. Relative throughput and yield as a function ofCF .2
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Fig. 13. Relative throughput and yield as a function ofVF .2

4 . Conclusions to change the flow cross-section without significantly
affecting mass-transfer efficiency, conditions can be

It is clear that a significant advantage can be selected to obtain throughputs that are significantly
gained by using themOPPS in place ofmOTC for higher than in themOTC. Although yields are
preparative separations of trace components with generally lower in themOPPS, narrower channels
displacement chromatography. Because of the ability and the proper selection of displacer concentration

Fig. 14. Relative throughput and yield as a function ofVm /Vm .1 2
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Fig. 15. Relative throughput and yield as a function ofK /K .1 2.

and volume can be used to overcome the yield T displacer time, time that takes for theD

advantage of themOTC while simultaneously main- displacer to be eluted (s)
taining the high throughput potential of themOPPS. T total feed time (solute1displacer) (s)FT

TH throughput (mmol /s), Eq. (21)
v average linear velocity along the lengthavg

(cm/s)
35 . Nomenclature VC column volume (cm )

3VF feed volume (cm )
2a linear isotherm coefficient (cm), Eq. (2) Vm Langmuir parameter (mmol /cm ), Eq.

b microchannel half width (cm) (2)
C solute concentration in the mobile phase v linear velocity along the length (cm/s)y

3(mmol /cm ) X dimensionless position along the mi-
3CF feed concentration (mmol /cm ) crochannel width

d microchannel half depth (cm) x position along the microchannel width
2D diffusion coefficient in solution (cm /s) (cm)

3K Langmuir parameter (cm /mmol), used Y dimensionless position along the mi-
in Eq. (2) crochannel length

L microchannel length (cm) y position along the microchannel length
m mass of trace species product (mmol) (cm)S

m total mass of trace species product Z dimensionless position along the mi-ST

(mmol) crochannel depth
Pe Peclet number (dimensionless) z position along the microchannel depth

*q equilibrium concentration of solute in (cm)
2the stationary phase (mmol /cm ), Eq.

(2) Greek symbols
R dimensionless radius DP pressure drop (p.s.i.a.; 1 p.s.i.56894.76
r microcolumn radius (cm) Pa)C

t time (s) a u /u ratio (dimensionless)Z X
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